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CONGRUENCES FOR A CLASS OF ETA QUOTIENTS AND
THEIR APPLICATIONS
SHASHIKA PETTA MESTRIGE
Abstract. The partition function p[1cℓd](n) can be defined using
the generating function,
∞∑
n=0
p[1cℓd](n)q
n =
∞∏
n=1
1
(1− qn)c(1 − qℓn)d
.
In [24], we proved infinite family of congruences for this partition
function for ℓ = 11. In this paper, we extend the ideas that we
have used in [24] to prove infinite families of congruences for the
partition function p[1cℓd](n) modulo powers of ℓ for any integers c
and d, for primes 5 ≤ ℓ ≤ 17. This generalizes Atkin, Gordon and
Hughes’ congruences for powers of the partition function. The proofs
use an explicit basis for the vector space of modular functions of the
congruence subgroup Γ0(ℓ). Finally we used these congruences to
prove congruences and incongruences of the generalized Frobenius ℓ-
color partitions, ℓ−regular partitions and ℓ−core partitions for ℓ =
5, 7, 11, 13 and 17.
1. Introduction
An (integer) partition of n is a non-increasing sequence of positive in-
tegers λ1 ≥ λ2 · · · ≥ λr ≥ 1 that sum to n. Let p(n) be the number
of partitions of n. By convention, we take p(0) = 1 and p(n) = 0 for
negative n.
This function has been extensively studied since the last century. In the
1920’s Ramanujan discovered amazing congruence properties for p(n).
Theorem (Ramanujan, Watson, Atkin). For all positive integers j, we
have,
p(5jn+ δ5,j) ≡ 0 (mod 5
j),
p(7jn+ δ7,j) ≡ 0 (mod 7
[ j+2
2
]),
p(11jn + δ11,j) ≡ 0 (mod 11
j),
where 24δℓ,j ≡ 1 (mod ℓ
j) for ℓ ∈ {5, 7, 11}.
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Ramanujan in [25] proved the first two congruences for the case of j = 1
by using the Jacobi triple product and later in [26] by using the theory of
modular forms on SL2(Z). He conjectured that p(7
jn+ δ7,j) is also divis-
ible by 7j. In 1935, Gupta showed that it is incorrect for j = 3. However,
proofs for arbitrary j for the first two congruences were given in 1938 by
Watson in [28] using modular equations for prime 5 and 7. Ramanujan in
[27] stated that he found a proof for the third congruence for j = 1, 2, but
did not include the proof. In 1967, Atkin proved the third congruence in [2].
These fascinating congruence properties not only hold for the partition
function itself, but also expected to hold for generalized partitions. We
study a two-parameter family of partition generating functions p[1cℓd](n).
This partition function is also well studied in recent years, for example see
Chan and Toh [8], and Wang [29]. The partition function p[1cℓd](n) is
defined using the generating function in the following way.
∞∏
n=1
1
(1− qn)c(1− qℓn)d
=
∞∑
n=0
p[1cℓd](n)q
n.
Generalizing partition function results to other functions was a main re-
search topic from 1960’s. The first attempt was to study the multi dimen-
sional or k−color partitions which are the coefficients of the kth power of
the generating function of the partition function. In 1960’s Atkin in [1],
proved congruences for k− color partitions for small primes using modular
equations. Notice that we can obtain the generating function for k−color
partitions by setting k = c, d = 0. See [21] for a recent study of the
congruences of this partition function.
In [24], we proved a unified way to prove congruences for this partition
function modulo powers of 11, for all c, d using Gordon’s approach to
prove congruences for k−color partitions. In this paper we revisit Atkin’s
proof and extend his result for p[1cℓd](n) for primes 5, 7, and 13. We also
proved congruences for ℓ = 17 using the work of Kim Hughes on k−color
partitions modulo powers of 17 in [16].
Theorem 1.1. For ℓ = 5, 7, 13, 17, for any integers c, d and for any
positive integer r,
(1.1) p[1cℓd](ℓ
rm+ nr) ≡ 0 (mod ℓ
Ar)
where 24nr ≡ (c + ℓd) (mod ℓ
r). Here Ar only depends on the integers
c, d and it can be calculated explicitly.
Moreover, we can obtain the following corollary, this is similar to Gor-
don’s Theorem 1.1 in [12].
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Corollary 1.2. For ℓ = 5, 7, and 13 and for any positive integer r,
p[1cℓd](n) ≡ 0 (mod ℓ
1
2
αℓr+ǫ)
where 24n ≡ (c + ℓd) (mod ℓr), ǫ = ǫ(c, d) = O(log|c + ℓd|) and when
c+ ℓd > 0 , αℓ depends of the residue of c+ ℓd (mod 24) which is shown
in the following table. For c+ ℓd < 0, for ℓ = 5, 7, we need to change the
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
ℓ = 5 2 1 1 1 2 2 1 1 1 1 1 0 0 0 1 1 0 0 0 1 1 0 0 0
ℓ = 7 1 1 1 2 1 1 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0
ℓ = 13 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Table 1. Values of αℓ
entries in the last column to 1.
Remark 1.3. This is the same shape as Gordon’s result for k−colored
partitions, with k replaced by c + ℓd. See [24] for a similar result for
ℓ = 11.
Similar to the prime 11 case, we can obtain the following result for
p[1c17d](n) using [16].
Corollary 1.4. For any positive integer r, let c, d be integers such that,
24nr ≡ (c + 17d) (mod 17
r). Then we have p[1c17d](17
rm + nr) ≡ 0
(mod 17
1
2
α17r+ǫ), where ǫ = ǫ(c, d) = O(log |c+17d|) and when c+17d ≥
0 , α17 depends on the residue of c + 17d (mod 96) which is shown in
Table 2.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
24 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
48 1 1 1 1 1 2 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
72 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Table 2. Values of α17
Here the entry is α(24i+ j) where row labelled 24i and column labeled
j. When c+ 17d < 0, the last column must be changed to 0, 2, 0, 0.
Even though Ramanujan’s congruences and in general congruences be-
tween coefficients of modular forms were studied for so many years, a little
attention has given to incongruences between them. Proving incongru-
ences between modular forms has been an interesting problem in recent
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years. Garthwaite and Jameson recently proved incongruences between a
large class of modular forms in [14] using the q− expansion principle devel-
oped by P. Deligne and M. Rapport. Here we use the expansion of Lℓ,r in
terms of the explicit basis elements to determine where the incongruences
occur for this class of partitions.
Corollary 1.5. Let Ar and nr be the integers mentioned in theorem 1.1.
If Ar = 0 then for ℓ = 5, 7, and 13, there is some integer m such that,
(1.2) p[1cℓd](ℓ
rm+ nr) 6≡ 0 (mod ℓ).
The result holds for r = 1 when ℓ = 11 and 17.
Remark 1.6. For ℓ = 11, we expect the incongruences should be hold for
all positive integer r since Ar is the best possible bound as shown in [12],
but we do not prove it in this paper.
In 1984s George Andrews in [4] introduced the k-colored generalized
frobenius partitions CΦk(q). He showed that these partitions can be de-
fined using the following generating function.
CΦk(q) :=
∞∏
n=1
1
(1− qn)k
∑
m1,m2,··· ,mk∈Z
qQ(m1,m2,··· ,mk) =
∞∑
n=0
cφk(n)q
n,
where Q(m1, m2, · · · , mk) =
k−1∑
i=1
m2i +
∑
1≤i≤j≤k−1
mimj .
See [15] and [19] for interesting studies about this partition function. In
2018 Chan, Wang, and Yang studied this partitions using the theory of
modular forms and derived new representations. Using their work and
theorem 1.1 we proved the congruences and cφk(n) for k = 5, 7, and 11.
Corollary 1.7. For each non negative integer r and for all m we have,
(1.3) cφ5
(
52rm+
19 · 52r + 5
24
)
≡ 0 (mod 52r−1).
(1.4) cφ7
(
72rm+
17 · 72r + 7
24
)
≡ 0 (mod 7r).
(1.5) cφ11
(
112rm−
112r+1 − 11
24
)
≡ 0 (mod 112r−1).
We also use corollary 1.4 to prove an incongruence for k = 13.
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Corollary 1.8. For each each positive integer r and for some integer m,
we have,
(1.6) cφ13
(
132rm−
13− 132r+1
24
)
6≡ 0 (mod 13).
To prove these results, we use modular equations for small primes. In
section 2, we explain how these equations are proved.
In section 3, we use modular equations to derive formulas for important
modular functions that we have defined in (3.1). Here we defined these
functions more general way compared to [18]. These equations were ob-
tained by using the modified versions of modular equations.
In section 4, we construct modular functions Γ0(ℓ) such that the part
of these functions are the generating functions for the partition function
p[1cℓd(n).
In section 5, the proofs of the theorem 1.1 and corollaries 1.2, 1.4 are
given. These proofs are similar to the proofs given in [24], however here,
we give a new proof for incongruence (1.6).
In the last section, we use theorem 1.1 to prove congruences and incon-
gruences for ℓ−regular partitions and ℓ−core partitions for primes 5, 7, 13
and 17.
2. Modular forms and modular equations
Modular forms have played a major role in modern number theory, in-
cluding Wiles’ celebrated proof of Fermat’s Last Theorem. Modular forms
are also appear in other areas such as algebraic topology, sphere packing
and string theory. See [10] and [20] for basic definitions, theories and ap-
plications.
Modular forms are extensively used in proving partition congruences.
This is due to the generating functions of partitions in some cases are
modular forms or almost modular forms. See [13] for Garvan’s work on
proving congruences using modular forms for a special type of partitions
modulo 5, 7, and 13.
There are some available tools to construct modular forms or functions
explicitly. One of them is the Dedekind eta function, η(z). This is a weight
1/2 modular form with a certain multiplier system on SL2(Z). See chapter
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4, [18] for more details.
η(z) := q
1
24
∞∏
n=1
(1− qn).
This function is closely related with the generating function of the parti-
tion function. Now we use the Dedekind eta function to define two modular
functions which play a significant role in our work. Let gℓ,r(z) be defined
in H by
gℓ,r(z) :=
{
η(ℓz)
η(z)
}r
.
Theorem 2.1 (Theorem 1, chapter 7, [18]). If ℓ is a prime greater than
3 and r is an integer such that r(ℓ − 1) ≡ 0 (mod 24), then gℓ,r(z) is a
modular form of weight 0 on Γ0(ℓ).
Let ℓ be a prime greater than 3, let φℓ(z) be defined in H by
φℓ(z) :=
η(ℓ2z)
η(z)
Theorem 2.2 (Theorem 2, Chapter 7, [18]). If ℓ is a prime greater than
3 then φℓ(z) a modular function on Γ0(ℓ
2).
Now let gℓ(z) be the modular form gℓ,r(z) where r is the least positive
integer satisfying the condition r(ℓ− 1) ≡ 0 (mod 24).
Definition 2.3. By themodular equation for prime ℓ, we mean an algebraic
equation connecting two modular forms gℓ(z) and φℓ(z).
Theorem 2.4. For ℓ = 5, 7, 13 these equations are ,
For ℓ = 5,
(2.1) φ55(z) = g5(5z)
(
52φ45(z) + 5
2φ35(z) + 5 · 3φ
2
5(z) + 5φ5(z) + 1
)
.
For ℓ = 7,
(2.2)
φ77(z) = g
2
7(7z){343φ
6
7(z) + 343φ
5
7(z) + 147φ
4
7(z) + 49φ
3
7(z) + 21φ
2
7(z)
+ 7φ7(z) + 1}+ g7(7z){7φ
4
7(z) + 35φ
5
7(z) + 49φ
6
7(z)}.
For ℓ = 13,
(2.3) φ1313(z) +
13∑
r=1
7∑
p=⌊(r+2)/2⌋
mr,pg
p
13(13z)φ
13−r
13 (z) = 0.
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(mr,p) =


−11·13 −36·132 −38·133 −20·134 −6·135 −136 −136
204·13 346·132 222·133 74·134 136 136
−36·13 −126·132 −102·133 −38·134 −7·135 −7·135
346·13 422·132 184·133 37·134 3·135
−38·13 −102·132 −56·133 −135 −15·134
222·13 184·132 51·133 5·134
−20·13 −38·132 −134 −19·133
74·13 37·132 5·133
−6·13 −7·132 −15·132
132 3·132
−13 −7·13
13
−1


For primes 2, 3, 5, 7, the modular equation can be found in Atkin’s paper
[1]. The modular equation for prime 13 can be found Atkin and O’Brien
paper [5].
In [12], Gordon, and in [16], Hughes found similar equations for ℓ =
11 and ℓ = 17 respectively. However, these equations are a little more
complicated than the above equations since the genus being one means
that there does not exist one single generator.
Theorem 2.5 (Riemann-Hurwitz formula, [17]). LetX, Y be two compact
Riemann surfaces, let π : Y → X be a covering map and let N be the
index of Y in X . Then,
2g(Y )− 2 = N · (2g(X)− 2) +
∑
p∈Y
(ep − 1).
where g(Y ), g(X) are the genera of Y,X respectively and ep is the rami-
fication degree at p.
This theorem is a very useful theorem to calculate the genus of modu-
lar curves. For example, the genus of X0(5) is 0. This follows from the
fact that Γ0(5) has 2 cusps with orders 1, 5, two elliptic points of order 2
,the genus of X0(1) is 0 and the index of X0(5) in X0(1) is 6. It can be
proved similarly that the genus of X0(7), X0(13) are 0 and the genus of
X0(11), X0(17) are 1.
2.1. Proving modular equations for 5, 7 and 13. The modular equa-
tions stated here can be proved using the ramification data of cusps of
the modular curves X0(ℓ
2) for ℓ = 5, 7, 13. Here we only explain how to
obtain the equation for prime 5, since the method for proving the other
modular equations is similar.
The modular curve X0(25) has 6 cusps 0,∞,
1
5
, 2
5
, 3
5
, 4
5
. with cusp widths
25, 1, 1, 1, 1, 1 respectively. φ5(z) =
η(25z)
η(z)
and g5(5z) =
(
η(25z)
η(5z)
)6
are
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modular functions on Γ0(25). Using theorem 1.65 in [23], we can calcu-
late the order of vanishing of these modular functions at cusps and they
are stated in table 3 .
0 ∞ 1
5
2
5
3
5
4
5
φ5(z) −1 1 0 0 0 0
g5(5z) −1 5 −1 −1 −1 −1
Table 3.
We first consider 1
g5(z)
. This function has only a pole of order 5 at ∞
and holomorphic at every point on the modular curve X0(25). Now by
subtracting relevant negative powers of φ5(τ), we remove the pole at ∞.
The resulting function,
1
g5(5z)
−
1
φ55(z)
−
5
φ45(z)
−
15
φ35(z)
−
52
φ25(z)
−
52
φ5(z)
does not have any poles on the modular curve X0(25). Hence by Liou-
ville’s theorem, it is a constant.
3. Applications of modular equations
Theorem 3.1 (Newton’s Formula, theorem 9, chapter 7, [18]). Let
f(x) = xq − p1x
q−1 + p2x
q−2 − · · ·+ (−1)qpq,
with roots φ1, · · · , φq. For h a positive integer put, Sh =
∑q
i=1 φ
h
i .
Then if 1 ≤ h ≤ q,
Sh − p1Sh−1 + p2Sh−2 − · · ·+ (−1)
h−1ph−1S1 + (−1)
hphh = 0.
if h > q,
Sh − p1Sh−1 + p2Sh−2 − · · ·+ (−1)
qpqSh−q = 0.
As described in [18], using the notation of Newton’s formula, we let Sr,ℓ
be the sum of the rth power of the roots of modular equation for prime ℓ,
(3.1) Sr,ℓ =
ℓ−1∑
k=0
φrℓ(ζ
k
ℓ q
1
ℓ ).
For a Laurent series f(z) =
∑
n≥N a(n)q
n, we define the Up operator
by,
(3.2) Up (f(z)) =
∑
pn≥N
a(pn)qn.
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Let g(z) =
∑
n≥N b(n)q
n be another Laurent series. The following
simple property will play a key role in our proof.
(3.3) Up (f(z)g(pz)) = g(z)Up (f(z)) .
Proposition 3.2 ([3], lemma 7). If f(z) is a modular function for Γ0(N),
if p2|N , then Up
(
f(z)
)
is a modular function for Γ0(N/p).
Let h(z) be a modular function on Γ0(ℓ). As shown in [18] lemma 2,
chapter 8, we have
(3.4) Uℓ(h(z)) =
1
ℓ
ℓ−1∑
k=0
h
(
ζkℓ q
1
ℓ
)
Now combining equations (3.1) and (3.4),
(3.5) Sr,ℓ(z) = ℓ · Uℓ
(
φrℓ(z)
)
.
Lemma 3.3. Let r be a non zero integer. Then Sr,5(z) is a Laurent
polynomial in g5(z) of the form Sr,5(z) =
∑∞
p=−∞ a
5
r,pg5(z)
p, where a5r,p is
an integer divisible by 5.
(3.6) π5(a
5
r,p) ≥
⌊
5p− r + 1
2
⌋
For r > 0, a5r,p 6= 0 for ⌊
r+4
5
⌋ ≤ p ≤ r and for r < 0, a5r,p = 0 for
⌊ r+4
5
⌋ > p.
Proof. For r > 0 this inequality can be found in [18]. We prove this
inequality for r < 0 here. To calculate the Sr,5 when r < 0 we modify the
modular equation by dividing the modular equation by respective power of
φ5(τ) and g5(z).(
φ−15 (z)
)5
+ 5
(
φ−15 (z)
)4
+ 5 · 3
(
φ−15 (z)
)3
+ 52
(
φ−15 (z)
)2
+ 52
(
φ−15 (z)
)
−
(
g−15 (5z)
)
= 0.
Then using Newton formula, we have
• S−1,5(z) = −5,
• S−2,5(z) = −5,
• S−3,5(z) = 25,
• S−4,5(z) = −25,
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• S−5,5(z) = 5g
−1
5 (z),
• Sr,5(z)=−5Sr+1,5(z)− 15Sr+2,5(z)− 25Sr+3,5(z)− 25Sr+4,5(z) +
g−1(z)Sr+5,5(z).
First of all using induction with the help of the recurrence relation satisfied
by the Sr,5 we see that for r < 0, a
5
r,p = 0 for ⌊
r+4
5
⌋ > p.
Now notice that above claim is true for r = −1 · · ·−5. Now we assume
the claim hold for any r < −5. Again from the recurrence relation we
have,
ar,p = −5ar+1,p − 15ar+2,p − 25ar+3,p − 25ar+4,p + ar+5,p+1
Now by assumption we have that the 5-adic valuation of the left hand
side satisfies required inequality.
π5 (ar,p) ≥min{π5(ar+1,p) + 1, π5(ar+2,p) + 1, π5(ar+3,p) + 2
,π5(ar+4,p) + 2, π5(ar+5,p+1)}
=
⌊
5p− r + 1
2
⌋
.

Notice that we have used ar,p to denote a
5
r,p.
Lemma 3.4. Let r be a non zero integer. Then Sr,7(z) is a Laurent
polynomial in g7(z) of the form Sr,7(z) =
∑∞
p=−∞ a
7
r,pg
p
7(z), where a
7
r,p is
an integer divisible by 7.
(3.7) π7(a
7
r,p) ≥
⌊
7p− 2r + 3
4
⌋
For r > 0, a7r,p 6= 0 for ⌊
2r+6
7
⌋ ≤ p ≤ 2r. For r < 0, a7r,p = 0 for
⌊2r+6
7
⌋ > p.
Proof. For r > 0 this inequality can be found in [18]. We here prove this
inequality when r < 0. To calculate the Sr,7(z) when r < 0 we modify the
modular equation by dividing the modular equation by respective power of
φ7(z) and g7(z)
Then using Newton’s formula, we have
• S−1,7(z) = −7,
• S−2,7(z) = 7,
• S−3,7(z) = −7
2,
• S−4,7(z) = −7
2 − 22 · 7g−17 (z),
• S−5,7(z) = 7
3 + 10 · 7g−17 (z),
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• S−6,7(z) = 7
3,
• S−7,7(z) = 7
3g−17 (z) + 7g
−2
7 (z).
For r ≤ −8,
Sr,7(z) =− 7Sr+1,7(z)− 3 · 7Sr+2,7(z)− 7
2Sr+3(z)
− (3 · 72 + 7g−17 (z))Sr+4,7(z)− (7
3 + 5 · 7)Sr+5(z)
− (73 + 72g−17 (z))Sr+6,7(z) + g
−2
7 (z)Sr+7,7(z).
First of all we can use the recurrence relation satisfied by the Sr,7(z) to
see that for r < 0, a7r,p = 0 for ⌊
2r+6
7
⌋ > p. Now notice that above claim
is true for r = −1 · · ·− 7. Now we assume the claim hold for any r < −7.
Again from the recurrence relation we have,
ar,p =− 7ar+1,p − 3 · 7ar+2,p − 7
2ar+3,p − 3 · 7
2ar+4,p − 7ar+4,p+1
− 73ar+5,p − 5 · 7ar+5,p+1 − 7
3ar+6,p − 7
2ar+6,p+1 + ar+7,p+2.
Now by assumption we have that the 7-adic valuation of the left hand
side satisfies required inequality.
π7(ar,p) ≥min
{
π7(ar+1,p) + 1, π7(ar+2,p) + 1, π7(ar+3,p) + 2, π7(ar+4,p) + 2,
π7(ar+4,p+1) + 1, π7(ar+5,p) + 3, π7(ar+5,p+1) + 1, π7(ar+6,p) + 3,
π7(ar+6,p+1) + 2, π7(ar+7,p+2)
}
=
⌊
7p− 2r + 3
4
⌋
.

Notice that we have used ar,p to denote a
7
r,p.
Lemma 3.5. Let r be a non zero integer. Then Sr,13(z) is a Laurent
polynomial in g13(z) of the form Sr,13(z) =
∑∞
p=−∞ a
13
r,pg
p
13(z), where ar,p
is an integer divisible by 13.
(3.8) π13(a
13
r,p) ≥
⌊
13p− 7r + 13
14
⌋
For r > 0, ar,p 6= 0 for ⌊
7r+12
13
⌋ ≤ p ≤ 7r. For r < 0, ar,p 6= 0 for
⌊7r+12
13
⌋ ≤ p ≤ 0.
Proof. For r > 0, this is proved in [5]. For r < 0, we modify (2.3) by
dividing it by φ1313(z) and g
7
13(z). Then we derive Sr,13(z) for negative r
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using theorem 3.1.
(3.9) Sr,13(z) :=
∑
⌊ 7r+12
13
⌋≤p≤0
a13r,pg
p
13(z).
Here {a13r,p}r<0,p≤0 given in the matrix below,

··· 13
··· −2·13 −13
··· 132
··· 26 12·133 467·133
··· −260 2018·132 467·133
··· 130 −20·134 36·134 2807·133
··· 98·13 −26336·132 −12·135 935·134
··· −70·13 84·134 −684·134 −120·135 3743·134
··· −162·13 176544·132 −15996·133 −9030·134 937.135
··· 238·135 −396·134 4740·134 −192·135 −24·137 1871·135
··· −902·13 −737836·132 210588·133 10722·134 −17806·135 −136
··· −418·13 1260·134 −16812·134 7416·135 120·137 −336·137 −1873·136
···13 51·133 125764·133 −77470·134 28214·135 10000·136 −815·137 −72·138
··· ··· ··· ··· ··· ··· ··· ···


From the above matrix we can see that the result holds for r = −13 to
−1. Now fix r < −13. Assume the result hold for all negative numbers
greater than r. Using theorem 3.1 and (2.3) we see that Sr satisfies the
following recursive formula when r ≤ −14.
(3.10)
Sr,13(z) :=
13∑
i=1
(−1)i+1C−iSr+i,13(z),
where C−i :=(−1)
i+1
7∑
ρ=⌈ 14−i
2
⌉
m13−i,ρg
ρ−7
13 (z), 1 ≤ i ≤ 13.
Notice that m0,7 := 1 here. Now combining (3.9) and (3.10), for r ≤ −14
we have,
(3.11) a13r,p =
13∑
i=1
0∑
t=⌊ 7r+7i+12
13
⌋
m13−i,p−t+7 · a
13
r+i,t.
Now using (2.3) we see that,
π13 (mr,p) ≥
⌊
13p− 7r + 13
14
⌋
.
Then using the induction hypothesis we have,
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π13(a
13
r,p) = min
1≤i≤13, ⌊ 7r+7i+12
13
⌋≤t≤0
{
π13(m13−i,p−t+7) + π13(a
13
r+i,t)
}
.
≥
{⌊
13(p− t+ 7)− 7(13− i) + 13
14
⌋
+
⌊
13(t)− 7(r + i) + 13
14
⌋}
,
=
{⌊
13p− 13t+ 7i+ 13
14
⌋
+
⌊
13t− 7r − 7i+ 13
14
⌋}
,
≥
⌊
13p− 7r + 13
14
⌋
, for all i, t.
Here we used the fact that if X, Y are integers then⌊
X
14
⌋
+
⌊
Y
14
⌋
≥
⌊
X + Y − 13
14
⌋
.

Lemma 3.6. Let r be a non zero integer.
(1) π5 (S5,r) = π5
(
a5
r,⌊ r+4
5
⌋
)
= 1 iff r 6≡ 1, 2 (mod 5).
(2) π7 (S7,r) = π7
(
a7
r,⌊ 2r+6
7
⌋
)
= 1 iff r 6≡ 1, 4 (mod 7).
(3) π13 (S13,r) = π13
(
a13
r,⌊ 7r+12
13
⌋
)
= 1 iff r 6≡ 10 (mod 13).
For all the other cases ℓ−adic order of Sℓ,r is greater than or equal to 2.
Proof. The proof follows from induction on r. To prove the induction
step, we use the recursive expression for Sℓ,r that can be obtained from
the modular equations. We demonstrate this by proving (1) when r is a
positive multiple of 5.
By lemma 4 chapter 8 in [18], we have S5,5 only divisible by 5 and
π5(a
5
5,1) = 1. Now we assume for r > 1, π5(a
5
5r−5,r−1) = 1. Then by the
recursive formula for S5,r we have
S5,5r = 5
2g5S5,5r−1 + 5
2g5S5r−2 + 15g5S5,5r−3 + 5g5S5,5r−4 + g5S5,5r−5.
Then the result follows comparing the coefficient of gr5.

Remark 3.7. For ℓ = 5, 7, and 13, the ℓ−adic order of Sℓ,r is equal to
the ℓ−adic order of the coefficient of gℓ(z) with the least power when r
is positive. Otherwise it is the ℓ−adic order of the coefficient of gℓ(z)
with the largest power. This follows from lemma 3.6 and inequalities (3.6)
(3.7), and (3.8).
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Let Vℓ be the vector space of modular functions on Γ0(ℓ) where ℓ =
2, 3, 5, 7, 11, 13 and 17, which are holomorphic everywhere except possibly
at 0 and ∞. V is mapped to itself by the linear transformation,
Tλ : f(τ)→ Uℓ
(
φℓ(τ)
λf(τ)
)
where λ is an integer. Let (Cλµ,ν)µ,ν be the matrix of the linear transforma-
tion Tλ with respect to a triangular basis of Vℓ .
For primes ℓ = 2, 3, 5, 7 and 13, we can take {gνℓ (τ)|ν ∈ Z
+} as an up-
per triangular basis when λ > 0. For λ < 0 we can take {gνℓ (τ)|ν ∈ Z
−}
as a triangular basis. For ℓ = 11 and 17, finding such basis is complicated
and this has been worked out by Atkin.
Now let {Jℓ,ν(τ)|ν ∈ Z} be an upper triangular basis for Vℓ. Then we
have
(3.12) U
(
φℓ(τ)
λJℓ,µ
)
=
∑
ν
Cλµ,νJℓ,ν.
Therefore, the Fourier series of Tλ(Jℓ,ν) has all coefficients divisible by ℓ if
and only if,
Cλµ,ν ≡ 0 (mod ℓ) for all ν.
Now we define θℓ(λ, µ) = 1 if all the coefficients of U(φ
λ
ℓ Jℓ,ν) divisible
by ℓ. Otherwise we put θℓ(λ, µ) = 0.
Lemma 3.8. For ℓ = 5,
(3.13)
θ5(λ, µ) = θ5(λ+ 5, µ),
θ5(λ, µ+ 1) = θ5(λ+ 6, µ).
λ
µ 0 1 2 3 4
0 0 1 1 0 0
Table 4. Values of θ5(λ, µ).
Proof. First notice that using (2.1) and (3.3) we have that
U
(
φλ+55 (τ)g
µ
5 (τ)
)
= g5(τ)U
(
φλ5(τ)g
µ
5 (τ)
)
(mod 5).
Now using (3.12) we have,
Cλ+5µ,ν ≡ C
λ
µ,ν−1 (mod 5).
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Hence we have the first equality of (3.13). To get the second equality,
consider that,
U
(
φλ5(τ)g
µ+1
5 (τ)
)
= g−15 (τ)U
(
φλ+65 (τ)g
µ
5 (τ)
)
.
Hence we have
Cλµ+1,ν = C
λ+6
µ,ν+1.
Therefore we have the second equality of (3.13). Now using (3.6), we can
find θ5(λ, µ) values for all λ and µ. 
Lemma 3.9. For ℓ = 7,
(3.14)
θ7(λ, µ) = θ7(λ− 7, µ),
θ7(λ, µ+ 1) = θ7(λ+ 4, µ).
λ
µ 0 1 2 3 4 5 6
0 0 1 0 0 1 0 0
Table 5. Values of θ7(λ, µ).
First notice that using (2.2) and (3.3),
U
(
φλ+77 (τ)g
µ
7 (τ)
)
= g27(τ)U
(
φλ7(τ)g
µ
7 (τ)
)
(mod 7).
Now using (3.12) we have that,
Cλ+7µ,ν ≡ C
λ
µ,ν−2 (mod 7).
Hence we have the first equality of (3.14). To get the second equality,
consider that,
U
(
φλ7(τ)g
µ+1
7 (τ)
)
= g−17 (τ)U
(
φλ+47 (τ)g
µ
7 (τ)
)
.
Hence we have
Cλµ+1,ν = C
λ+4
µ,ν+1.
Therefore we have the second equality of (3.14). Now using (3.7), we can
find θ7(λ, µ) values for all λ and µ.
Lemma 3.10. For ℓ = 13,
(3.15)
θ13(λ, µ) = θ13(λ− 13, µ)
θ13(λ, µ+ 1) = θ13(λ+ 2, µ)
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λ
µ 0 1 2 3 4 5 6 7 8 9 10 11 12
0 0 0 0 0 0 0 0 0 0 0 1 0 0
Table 6. Values of θ13(λ, µ).
Proof. Again notice that using (2.3) and (3.12) we have that
U
(
φλ+1313 (τ)g
µ
13(τ)
)
= g713(τ)U
(
φλ13(τ)g
µ
13(τ)
)
(mod 13).
This implies that
Cλ+13µ,ν ≡ C
λ
µ,ν−7 (mod 13).
Hence we have the first equality of (3.15). To get the second equality,
consider that,
U
(
φλ13(τ)g
µ+1
13 (τ)
)
= g−113 (τ)U
(
φλ+1313 (τ)g
µ
13(τ)
)
.
Hence we have
Cλµ+1,ν = C
λ+2
µ,ν+1.
Therefore we have the second equality of (3.15). Now using (3.8), we can
find θ13(λ, µ) values for all λ and µ. 
Lemma 3.11. For ℓ = 17,
(3.16)
θ17(λ, µ) = θ17(λ− 17, µ)
θ17(λ, µ) = θ17(λ+ 6, µ− 4)
λ
µ 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0
Table 7. Values of θ17(λ, µ).
Proof. See [16, p. 518] for a proof. 
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4. Constructing Modular functions
We construct a sequence of modular functions that are the generating
functions for the p[1cℓd](n) restricted to certain arithmetic progressions.
This generalizes Gordon’s construction for ”k−color” partitions. Here we
use (3.3) repeatedly.
Let L0,ℓ := 1 and δℓ :=
ℓ2−1
24
,
L1,ℓ(τ) : = Uℓ
(
φℓ(τ)
c
∞∏
n=1
(1− qℓ·n)d
(1− qℓ·n)d
)
,
= Uℓ
(
qδℓ·c
∞∏
n=1
(1− qℓ
2·n)c(1− qℓ·n)d
(1− qn)c(1− qℓ·n)d
)
,
=
∞∏
n=1
(1− qℓ·n)c(1− qn)d
∞∑
m≥⌈
δℓ·c
ℓ
⌉
p[1cℓd](ℓ ·m− δℓ · c)q
m.
Similarly we can define,
L2,ℓ(τ) : = Uℓ
(
φdℓ(τ)L1(τ)
)
,
L2,ℓ(τ) =
∞∏
n=1
(1− qℓ·n)d(1− qn)c
∞∑
m≥
⌈
δℓ·d+⌈
δℓ·c
ℓ
⌉
ℓ
⌉ p[1cℓd](ℓ
2m− δℓ · ℓ · d− δℓ · c)q
m.
Now, to get an equation for higher powers, we define,
(4.1) Lr,ℓ := Uℓ
(
φ
λr−1
ℓ (τ)Lr−1,ℓ
)
,
where
(4.2) λr =
{
c if r is even ,
d if r is odd.
Then by a short calculation using (3.3), there exists integers nr and µr
such that,
L2r,ℓ(τ) =
∞∏
n=1
(1− qn)c(1− qℓ·n)d
∑
m≥µ2r
p[1cℓd](ℓ
2rm+ n2r)q
m,
(4.3)
L2r−1,ℓ(τ) =
∞∏
n=1
(1− qℓ·n)c(1− qn)d
∑
m≥µ2r−1
p[1cℓd](ℓ
2r−1m+ n2r−1)q
m.
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From (4.1) and (4.3) we can see that,
n2r,ℓ(c, d) = −δℓ · d · ℓ
2r−1 + n2r−1,
n2r−1,ℓ(c, d) = −δℓ · c · ℓ
2r−2 + n2r−2.
Since n0,ℓ = 0, using above recurrence relations we have,
n1,ℓ(c, d) = −δℓ · c
n2,ℓ(c, d) = −δℓ · ℓ · d− δℓ · c
Using the summation of a geometric series,
n2r−1,ℓ(c, d) = −c
(
ℓ2r − 1
24
)
− ℓ · d
(
ℓ2r−2 − 1
24
)
.(4.4)
n2r,ℓ(c, d) = −c
(
ℓ2r − 1
24
)
− ℓ · d
(
ℓ2r − 1
24
)
.
From this we have that,
24 ·n2r−1,ℓ ≡ (c+ ℓ · d) mod ℓ
2r−1 and 24 ·n2r,ℓ ≡ (c+ ℓ · d) mod ℓ
2r.
Therefore, each nr satisfies,
24nr,ℓ(c, d) ≡ (c+ ℓ · d) mod ℓ
r.
Now, we need to find µr in terms of integers c, d. Using (4.1), we have
that,
(4.5) µr,ℓ =
⌈
δℓλr−1 + µr−1
ℓ
⌉
.
Notice also that µr is the least integer m such that ℓ
rm+nr ≥ 0, which
implies that,
µ2r−1,ℓ =
⌈
ℓ · c+ d
24
−
c+ ℓ · d
24 · ℓ2r−1
⌉
,(4.6)
µ2r,ℓ =
⌈
c + ℓ · d
24
−
c+ ℓ · d
24 · ℓ2r
⌉
.
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Following Gordon, we represent these formulas in the following form.
µ2r−1,ℓ =
⌈
ℓ · c+ d
24
⌉
+ ωℓ(c, d) if |c+ ℓ · d| < ℓ
2r−1.(4.7)
µ2r,ℓ =
⌈
c + ℓ · d
24
⌉
+ ωℓ(c, d) if |c+ ℓ · d| < ℓ
2r .
ωℓ(c, d) =
{
1 if c+ ℓ · d < 0 and 24|(c+ ℓ · d),
0 Otherwise.
5. Proofs of congruences
Now we define,
(5.1) Ar,ℓ(c, d) :=
r−1∑
i=0
θℓ(λi, µi),
for any positive integer r and integers c, d. We put A0 := 0.
If
f(τ) :=
∑
n≥n0
a(n)qn,
we define,
(5.2) π (f(τ)) := minn≥n0 {π(a(n)} .
We prove π(Lr) ≥ Ar(c, d).
Proof. For ℓ = 5, 7 and 13, we calculate,
L0,ℓ :=1,
L1,ℓ :=Uℓ
(
φλ0ℓ g
µ0
ℓ
)
=
∑
ν1=µ1
Cλ0µ0,ν1g
ν1
ℓ , Here we have π(L1,ℓ) ≥ θℓ(λ0, µ0),
L2,ℓ :=Uℓ
(
φλ1ℓ L1
)
= Uℓ
(
φλ1ℓ
∑
ν1=µ1
Cλ0µ0,ν1g
ν1
ℓ
)
=
∑
ν1=µ1
Cλ0µ0,ν1Uℓ
(
φλ1gν1ℓ
)
,
=
∑
ν1=µ1
Cλ0µ0,ν1
∑
ν2=µ2
Cλ1ν1,ν2g
ν2
ℓ =
∑
ν2=µ2
Cλ0µ0,µ1C
λ1
µ1,ν2 ∗ g
ν2
ℓ .
Here we have π(L2,ℓ) ≥ θℓ(λ0, µ0) + θℓ(λ1, µ1).
Now by induction we have that,
(5.3) Lr,ℓ :=
∑
νr=µr
Cλ0µ0,µ1C
λ1
µ1,µ2 · · ·C
λr−1
µr−1,νr ∗ g
νr
ℓ .
Here λr and µr are defined in the previous section. Also notice that it is
sufficient to consider the first coefficient of the series expansion of Sℓ,r to
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get a lower bound for π(Lr,ℓ) by remark 3.7.

Proof of corollary 1.2. Recall (5.1),
Ar,ℓ(c, d) =
r−1∑
i=0
θℓ(λi, µi).
In [24] we used Gordon’s argument from Section 4 of [12] to obtained
the result for ℓ = 11. Here we use similar argument for primes ℓ = 5, 7, 13
with k replaced by c + ℓd, . Note that Gordon’s calculations had terms
involving 11k, which will be written in a more symmetric shape here using
the fact that ℓ(c+ ℓd) ≡ ℓc + d (mod 24) for any prime ℓ 6= 2, 3.
Ar,ℓ(c, d) =
logℓ(c+ℓd)∑
i=0
θℓ(λi, µi) +
r−1∑
i=logℓ(c+ℓd)
θℓ(λi, µi)
=
logℓ(c+ℓd)∑
i=0
θℓ(λi, µi) +N1,ℓ · θℓ
(
d,
⌈ℓc+ d
24
⌉
+ ωℓ(c, d)
)
+N2,ℓ · θℓ
(
c,
⌈c+ ℓd
24
⌉
+ ωℓ(c, d)
)
.
Here N1,ℓ is the number of odd integers and N2,ℓ is the number of even
integers in the interval
(
logℓ |c+ ℓd|, r − 1
)
respectively.
(5.4)
Set αℓ := αℓ(c, d) = θℓ
(
d,
⌈ℓc+ d
24
⌉
+ ωℓ(c, d)
)
+θℓ
(
c,
⌈c+ ℓd
24
⌉
+ ωℓ(c, d)
)
.
Now if r ≤ logℓ |c+ ℓd|+ 1 then N1,ℓ = N2,ℓ = 0,
Ar ≤ logℓ |c+ ℓd|.
If r > logℓ |c+ ℓd|+ 1,∣∣∣∣N1,ℓ − 12(r − 1− logℓ(c+ ℓd))
∣∣∣∣+
∣∣∣∣N2,ℓ − 12(r − 1− logℓ(c+ ℓd))
∣∣∣∣ < 1.
Now consider,∣∣∣∣Ar,ℓ − 12αℓ(r − 1− logℓ(c+ ℓd))
∣∣∣∣ < 2 + logℓ |c+ ℓd|,∣∣∣Ar,ℓ − αℓr
2
∣∣∣ < 2 + αℓ
2
+ (1 +
αℓ
2
) logℓ |c+ ℓd|.
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So we have Ar,ℓ =
1
2
αℓr +O (log |c+ ℓd|).
Now we prove the condition for αℓ. As in [24], the proof is complete once
we show that first αℓ only depends c+ ℓd with the period 24 when ℓ = 5, 7
and 13. Periodicity follows by the fact that using lemmas 3.8, 3.9, 3.10,
αℓ(c+ ℓd) is invariant under the maps,
c→ c+ 24− ℓk and d→ d+ k for each integer k.
When c+ ℓd < 0 and 24|(c+ ℓd), using (4.7), ωℓ(c, d) is 1. Thus, using
(5.4) we have to change the last column of the table 1 for entries when
ℓ = 5 and 7.
Also note that when ℓ = 17, αℓ(c+ ℓd) is invariant under the following
maps by lemma 3.11
c→ c+ 96− ℓk and d→ d+ k for each integer k.

Remark 5.1. We do not provide a proof for ℓ = 17 here, since it is similar
to the proof of theorem 3 in [16]. In fact, the proof of theorem 1.1 in [24]
and the proof of theorem 2 in [12] are similar.
Proof of corollary 1.5. First we assume Ar(c, d) = 0 for all r and let ℓ =
5, 7, and 13. Now by (5.1), θℓ(λr, µr) = 0 and hence πℓ(Uℓ(φ
λr
ℓ g
µr
ℓ )) = 0.
Lr,ℓ = C
λ0
µ0,µ1C
λ1
µ1,µ2 · · ·C
λr−1
µr−1,µrg
µr
ℓ + · · · .
Since all C
λj
µj ,µj+1 are not divisible by ℓ for all j from lemma 3.6, we have
πℓ (Lr,ℓ) = 0.
For ℓ = 11, 17 we only prove it for r = 1. Suppose A1,ℓ(c, d) = 0. Then
θℓ(λ0, µ0) = 0. Now consider,
L1,ℓ =
∑
ν1=µ1
Cλ0µ0,ν1Jℓ,ν1.
Since θℓ(λ0, µ0) = 0, there is some sµ ≥ µ0 such that C
λ0
µ0,sµ 6≡ 0 (mod ℓ).
Hence we have L1,ℓ 6≡ 0 (mod ℓ). Here Jℓ,ν are the bases used by Gordon
in [12] and by Hughes in [16] for ℓ = 11, and 17 respectively. 
Proof of corollary 1.7. We first state the Chan, Wang, and Yang result
about representations of CΦk(q) for k = 5, 7, 11, and 13.
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Theorem 5.2 (H.H. Chan, L. Wang, Y. Yang, 2018). Let CΦk(q) be the
k-Colored generalized Frobenius Partitions,
(5.5) CΦ5(q) =
∞∏
n=1
1
1− q5n
+ 25q
∞∏
n=1
(1− q5n)5
(1− qn)6
.
(5.6)
CΦ7(q) =
∞∏
n=1
1
1− q7n
+ 49 · q
∞∏
n=1
(1− q7n)3
(1− qn)4
+ 343 · q2
∞∏
n=1
(1− q7n)7
(1− qn)8
.
(5.7) CΦ11(q) =
∞∏
n=1
1
1− q11n
+ 11
∞∑
j=1
p(11j − 5)qj.
(5.8) CΦ13(q) =
1
(q13; q13)∞
+13
∞∑
n=0
p(13n−7)qn+26·q
∞∏
n=1
(1− q13n)
(1− qn)2
.
We combine theorem 1.1 and theorem 5.2 to prove congruences of k−
colored generalized Frobenius partitions. First notice that using (5.5) we
have that
(5.9) CΦ5(q) =
∞∑
n=0
(
p[1051](n) + 25p[165−5](n− 1)
)
qn.
Now using (4.4) we have that,
(5.10) n2r,5(0, 1) =
5− 52r+1
24
, n2r,5(6,−5) =
19 · 52r − 19
24
.
Observe that using (4.2) and (4.6) we have that
(5.11)
µr,5(0, 1) =
{
0 when r = 1
1 when r ≥ 2
, λr(0, 1) =
{
0 when r is even
1 when r is odd
.
µr,5(6,−5) =
{
2 when r is odd
0 when r is even
, λr(6,−5) =
{
6 when r is even
−5 when r is odd
.
Now using θ5(λ, µ) values from Table 4 we have
A2r(0, 1) = 2r − 1 , A2r(6,−5) = 2r.
Therefore using theorem 1.1 we have that for all m ≥ 1 and r ≥ 1,
(5.12)
p[1051]
(
52rm+
5− 52r+1
24
)
≡ 0 (mod 52r−1),
p[165−5]
(
52rm+
19 · 52r − 19
24
)
≡ 0 (mod 52r).
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Now using (5.9) and the fact that (5.12) is true when m replaced by m+1,
we can see that (1.3) is true.
Now we prove (1.4). From (5.6) we have
(5.13)
CΦ7(q) =
∞∑
n=0
(
p[1071](n) + 7
2p[147−3](n− 1) + 7
3p[187−7](n− 2)
)
qn.
Now using (4.4) we have that
(5.14)
n2r,7(0, 1) =
7− 72r+1
24
, n2r,5(4,−3) =
17 · 72r − 17
24
,
n2r,7(8,−7) =
41 · 72r − 41
24
.
To find µr we use (4.2) and (4.6). Thus we have that,
(5.15)
µr,7(0, 1) =
{
0 when r = 1
1 when r ≥ 2
, λr(0, 1) =
{
0 when r is even
1 when r is odd
.
µr,7(4,−3) =
{
2 when r is odd
0 when r is even
, λr(4,−3) =
{
4 when r is even
−3 when r is odd
.
µr,7(8,−7) =
{
3 when r is odd
0 when r is even
, λr(8,−7) =
{
8 when r is even
−7 when r is odd
.
Now using 5.14 and the values of θ7(λ, µ) from the table 5 we have
(5.16) A2r(0, 1) = r, A2r(4,−3) = r, A2r(8,−7) = r.
Therefore using 5.16 and the theorem 1.1 we have that for all m ≥ 1
and r ≥ 1,
(5.17)
p[1071]
(
72rm+
7− 72r+1
24
)
≡ 0 (mod 7r),
p[147−3]
(
72rm+
17 · 72r − 17
24
)
≡ 0 (mod 7r),
p[187−7]
(
72rm+
41 · 72r − 41
24
)
≡ 0 (mod 7r).
Now using (5.13) and the fact that (5.17) is true when m replaced by
m+ 1 and m+ 2, we can see that (1.4) is true.
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Now we prove (1.5). From (5.7) we have
(5.18) CΦ11(q) =
∞∑
n=0
(
p[10111](n) + 11 · p(11n− 5)
)
qn.
Now using (4.4) we have that
(5.19) n[2r,11](0, 1) =
11− 112r+1
24
, n[2r+1,11](1, 0) =
−112r+1 + 1
24
To find µr we use (4.2) and (4.6). Thus we have that
(5.20)
µ[r,11](0, 1) =
{
0 when r = 1
1 when r ≥ 2
, λr(0, 1) =
{
0 when r is even
1 when r is odd
.
µ[r,11](1, 0) = 1for all r, λr(4,−3) =
{
1 when r is even
0 when r is odd
.
Now using 5.14 and the values of θ11(λ, µ) from the table 3 in [24] we
have
(5.21) A2r(0, 1) = 2r − 1, A2r(1, 0) = 2r.
Therefore using 5.21 and the theorem 1.1 we have that for all m ≥ 1
and r ≥ 1,
(5.22)
p[10111]
(
112rm+
11− 112r+1
24
)
≡ 0 (mod 112r),
p
(
112r+1m+
1− 112r+2
24
)
≡ 0 (mod 112r+1).
Now using (5.18) and (5.22), we can see that (1.5) is true.
Now we prove (1.6). From (5.8) we have
(5.23) CΦ13(q) ≡
∞∑
n=0
p[10131](n)q
n (mod 13)
For c = 0, d = 1, we see that using Table 6, θ(λ1, µ1) = 0 by equation
(4.4) we have that
n1(0, 1) = 0.
Hence by corollary 1.5 we have for some m,
p[10131]
(
132rm−
13− 132r+1
24
)
6≡ 0 (mod 13).
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
6. Other examples
6.1. Congruences for ℓ− regular partitions. Following [30], the gener-
ating function for this partition function is,
(6.1)
∞∑
n=0
bℓ(n)q
n =
∞∏
n=1
(1− qℓn)
(1− qn)
.
In [29],[30] and [31] Wang proved congruences for the ℓ− regular partitions
for ℓ = 5, 7 and 11. Here we used our method to quickly conclude these
congruences for primes 5, 7, 11 and incongruences for primes 13 and 17.
Corollary 6.1. For any integer m ≥ 0 and for each positive integer r,
b5
(
52rm+
52r − 1
6
)
≡ 0 (mod 5r),
b7
(
72rm+
·72r − 1
4
)
≡ 0 (mod 7r),
b11
(
112rm+ 5 ·
112r − 1
12
)
≡ 0 (mod 11r).
Corollary 6.2. For each positive integer r and for some integer m,
b13
(
132rm+
132r − 1
2
)
6≡ 0 (mod 13),
b17 (17m− 12) 6≡ 0 (mod 17).
Proof. The proof of the corollaries 6.1 and 6.2 follows from the entries of
the table 8. Calculation of Ar follows from table 3 in [24] when ℓ = 11.

ℓ n2r µr Ar
5 5
2r−1
6
µ2r−2 = 0, µ2r−1 = 1 A2r = r
7 3·7
2r−1
4
µ2r−2 = 0, µ2r−1 = 1 A2r = r
11 5·11
2r−5
12
µ2r−2 = 0, µ2r−1 = 1 A2r = r
13 n1 = −7 µ2r−2 = 0, µ2r−1 = 1 Ar = 0
17 n1 = −12 µ2r−2 = 0, µ2r−1 = 1 Ar = 0
Table 8. Calculations for ℓ−regular partitions
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ℓ nr µr Ar
5 nr = −1 µ2r = 0, µ2r−1 = 1 A2r = r
7 nr = −2 µ2r = 0, µ2r−1 = 1 Ar = r
11 nr = −5 µ0 = 0, µ2r = −4, µ2r+1 = 1 Ar = r
13 n2r = −7 µ0 = 0, µ2r = −6, µ2r−1 = 1 Ar = 0
17 n1 = −12 µ0 = 0, µ2r = −11, µ2r−1 = 1 Ar = 0
Table 9. Calculations for ℓ−core partitions.
6.2. Congruences for ℓ−core partitions. Following [29], the generating
function for this partition function is,
(6.2)
∞∑
n=0
aℓ(n)q
n =
∞∏
n=1
(1− qℓn)ℓ
(1− qn)
.
Combintorially, ℓ−core partitions are defined as the partitions of n where
hook lengths of each entry in the Ferres diagram are not divisible by ℓ.
Corollary 6.3. For integers m ≥ 0 and for each positive integer r,
a5 (5
rm− 1) ≡ 0 (mod 5r),
a7 (7
rm− 2) ≡ 0 (mod 7r),
a11 (11
rm− 5) ≡ 0 (mod 11r)
Corollary 6.4. For each positive integer r and for some integer m,
a13
(
132rm− 7
)
6≡ 0 (mod 13),
a17 (17m− 12) 6≡ 0 (mod 17).
Proof. Similarly, the proof of the corollaries 6.3 and 6.4 follows from the
entries of table 9 , calculation of Ar follows from table 3 in [24] when
ℓ = 11.

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